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A proper PBD(L, v) is a pairwise balanced design (with L = 1) on v  points 
whose line sizes are less than v  and do not divide six. The existence or nonexistence 
of a proper PBD(L, v) is determined for all v  different from thirty. 
0. INTRODUCTION 
Self-orthogonal Latin squares are Latin squares which are orthogonal to 
their transposes. The existence question for such squares has been 
investigated by many mathematicians. Brayton et al. [2] obtained the final 
answer. 
THEOREM 0.1 (Brayton et al. [2]). There is a self-orthogonal Latin 
square of order n if and only if n is a positive integer which is not a divisor 
of six. 
Notation 0.2. Let L denote the set of all “legal” integers; that is, L is the 
set of all positive integers that do not divide six. 
A number of mathematicians have investigated the question of the 
existence of a self-orthogonal Latin square of order v having a (self- 
orthogonal) (Latin) subsquare of order k ( U. Let S(k) denote the set of all 
v > k for which there is a self-orthogonal Latin square of order v with a 
subsquare of order v. Heinrich [ 121 has obtained these conclusions. 
THEOREM 0.3 (Heinrich [ 12, p. 253 and Theorems 1, 2, 31). 
(i) If v E S(k), then v > 3k. 
(ii) Zf k E L, then 3k + 1 E S(k). 
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(iii) Zf k is an odd integer in L, then 3k + 2 E S(k). 
(iv) If k E L and k < 21, then 3k + 3 E S(k). 
Conclusion (ii) of this theorem was also obtained by Hedayat [ 111. 
Heinrich has pointed out that the construction she used to prove part (ii) is 
essentially the same as a construction due to Bose, Shrikhande, Parker (see, 
for example, [6, Theorem 11.4.51 or [8, Theorem 13.3.11). 
Other authors such as Crampin and Hilton [5] have proven for every k in 
L, the existence of an integer e(k), so that u is in S(k) for all k > e(k). To 
date, the best theorem of this type is 
THEOREM 0.4 (Drake and Lenz [7]). Zf k > 304 and u > 4k + 3, then u 
is in S(k). 
Unlike the proofs of Theorem 0.3, all of which proceed by direct 
construction, the proof of Theorem 0.4 utilizes the existence of certain 
“linear spaces.” 
DEFINITION 0.5. A linear space or pairwise balanced design, in short, a 
PBD, is a nonempty set (of points) together with a distinguished collection 
of subsets of size two or more (called lines) such that each pair of points lies 
in a unique line. A proper PBD is a PBD with at least two lines. A 
PBD(T, V) is a PBD on u points such that the size of every line is in T. A 
PBD,(T, u) is a PBD on v points which has the following properties: there is 
a line of size k, and the size of every other line is in T. 
Notation 0.6. Write B(T), BX(7’), B,(T), respectively, to denote the set 
of all u for which there exists a PBD(T, v), a proper PBD(T, u) or a proper 
PBD,(T, u), respectively. 
The connection between pairwise balanced designs and self-orthogonal 
Latin squares is given by 
LEMMA 0.7. (See [7, Lemma 1.81.) Zf u E B,(L) and k E L, then 
u E S(k). 
The proof of Lemma 0.7 is an easy consequence of Theorem 0.1 and a 
now standard construction technique first introduced by Bose, Parker, and 
Shrikhande (see, e.g., [8] or [6]). To prove Theorem 0.4, Drake and Lenz 
established the following stronger result, then cited Lemma 0.7. 
THEOREM 0.8. Zf k > 304 and u > 4k + 3, then u E B,(L). 
The characterization of B#(L), B,(L), B,(L) is the subject of this paper. 
We obtain the following theorem: 
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THEOREM 0.9 (main theorem). There are sets A E {30} and B E 
{28,30,34} so that 
6) B’(L) = B,(L), 
(ii) B,,(L)= 113, 16, 17, 20, 21, 22, 24, 25, 28, 29) UAU 
(2x v > 31}, 
(iii) B,(L)= (17, 20, 21, 24, 25, 29, 31, 32, 33} UB u (u: u > 35). 
In view of Lemma 0.7, the existence conclusions obtained in Theorem 0.9 
have immediate consequences for self-orthogonal Latin squares. The 
converse is not the case, however, as a comparison of Theorems 0.3 and 0.9 
reveals. Indeed, in Section 1 we obtain several nonexistence criteria for 
PBD,(L, 2~)‘s for u with 3k + 1 < u < 3k + 4. On the other hand, it is still an 
open question whether or not u > 3k s&ices to imply that u is in S(k). 
In Section 2 we construct a number of PBDs from projective planes and 
“truncated” transversal designs. We also complete the proof of Theorem 0.9 
aside from demonstrating that 26 and 27 are not in B#(L). The latter task is 
accomplished in Section 4. 
In Section 3, we construct several small PBD(L, v)‘s. The two most 
interesting examples yield the information that 25 = 3 x 7 + 4 is in B,(L) 
and that 35 = 3 x 11 + 2 is in B,,(L). 
In Section 5, we obtain analogues of Theorem 0.9 for the most interesting 
sets T, which properly contain L, those whose elements are all at least three. 
In fact, we determine B”(T) for each of those three 7”s. 
1. NONEXISTENCE CRITERIA 
In this section, we obtain several general nonexistence criteria. We also 
prove (see Proposition 1.5) that the existence of a PBD,(T, u) with u 
minimal relative to the two integers k and min T is equivalent to the 
existence of a certain resolvable block design. 
LEMMA 1.1. Assume the existence of a PBD(T, v) with lines H, K of 
sizes h, k, respectively. Let M denote min T. Then, 
(i) v>(m-l)k+h-mf 1; 
hence, 
(ii) v>(m- l)k+ 1. 
If H and K do not intersect, then 
(iii) v > (m - 1)k + h. 
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Proof Let P be a point on H that is not on K, and count the number of 
points joined to P. Observe that the number of lines joining P to points of K 
is k. 
LEMMA 1.2. Assume the existence of a PBD(T, u) with lines G, H, K of 
sizes g, h, k, respectively, with g < h < k. Let m denote min T. Assume 
v<(m-l)h+gandk>3+2(m-2). ThenG,H,Khaveacommonpoint 
of intersection. 
Proof. By Lemma 1.1 (iii), G and H intersect in a point P. Assume that P 
is not on K. Counting the points joined to P by the k lines through P which 
meet K, we obtain 
> o + k - 3 - 2(m - 2). 
Then we have the contradiction k ( 3 + 2(m - 2). 
LEMMA 1.3. Let T be a set of positive integers with min T = m. Let n be 
the next smallest member of T, tf there is one; n = m + 1, otherwise. Assume 
the existence of a PBD,(T, v), say Z, such that k < v ( (m - l)(k + 1). 
Further assume that there is no p in T with n <p & v - (m - l)(k - 1). 
Then the following quantities are integers: 
q= (v- Wkb- 1) 3 r = (u - k)(k - 4) s = (u - kk 
n-m m-l ’ n-l ’ 
Let K be a line of size k of Z, P be a point of Z not on K. Then, P lies on 
exactly k lines, q of size n and k - q of size m. The total number of lines of 
size m is r and of size n is s. 
Proof The lines through P which intersect K must join P to at least 
k(m - 1) points. Then the remaining lines through P join P to, at most, 
u - 1 - k(m - 1) other points, and hence to, at most, m - 2 other points. It 
follows that P lies on no lines that do not intersect K. The assumption that 
thereisnopin Twithn<p<v-(m-l)(k-1)meansthatPliesonno 
lines of a size bigger than n. Clearly, P lies on q lines of size n. To compute 
s and r, one now counts flags. 
LEMMA 1.4. In addition to the hypotheses of Lemma 1.3, assume that 
s<k. Then t=(u-k)/(m-1) is also an integer. If instead, r < k, then 
u = (Y - k)/(n - 1) is an integer. 
582a/34/3-2 
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Proof. Since s < k, some point Q on K only lies on lines of size m other 
than K itself. These lines partition the points off K into subsets of size m - 1. 
The proof of the other statement is analogous. 
PROPOSITION 1.5. Let k > 2, and assume m = min T > 2. Then v = 
(m - 1)k + 1 is in BJT) if and only if there is a resolvable block design on 
v*=(m-2)k+lpointswithlinesofsizek*=m-1. 
Proof. First, assume that v is in B,JT), and let C be a PBD,(T, v). Apply 
Lemma 1.3 to Z to conclude that q = 0, hence s = 0. Aside from K, every 
line has size m. Then the removal of K yields the desired resolvable design 
fl. One defines two induced lines to be parallel if and only if in C they 
intersect in a point of K. The construction of Z from a given ZZ is also easy. 
COROLLARY 1.6. Assume k > 2, let m = min T, and let v = (m - 1)k + 1. 
If v E B,(T), then k z 1 mod(m - 1). This necessary condition is suflcient 
when m < 5. 
Proof: The assertions made are clearly true for m = 2, so assume m > 3. 
Then by Proposition 1.5, v is in Bk(T) if and only if there is a resolvable 
design on v* = (m - 2)k + 1 points with lines of size k* = m - 1. It is well 
known (see, e.g., [ 10, p. 346, Eq. (lo)]) that the existence of such a design 
implies v* z k* mod((k*)’ -k*). The last congruence is equivalent to the 
congruence k = 1 mod(m - 1). The necessity is thus established. The 
condition v* = k* mod((k*)2 -k*) g uarantees the existence of a resolvable 
block design on v* points with lines of size k* when k* = 2,3,4. The case 
k* = 2 is a special case of a theorem of Baranyai (see either [4, p. 51 or [ 1 I). 
The case k* = 3 is a theorem of Ray-Chaudhuri and Wilson [ 141. The case 
k+ = 4 is due to Hanani et al. [lo]. 
We now apply the preceding results to the set T = L of all positive 
integers which do not divide six. 
PROPOSITION 1.7. Assume that v > k and that v E B,JL). Then, v > 3k. 
Proof. Apply Lemma 1.1. 
PROPOSITION 1.8. Assume k > 2. Then, 3k + 1 E B,,(L) if and only if 
k = l(mod 3). 
Proof. Apply Corollary 1.6. 
PROPOSITION 1.9. Assume that k > 2 and that 3k + 2 E B,(L). Then, 
k G S(mod 6). 
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Proof: Apply Lemmas 1.3 and 1.4, obtaining q = 1, hence s = 
(k + 1)/2 < k and t = (2k + 2)/3. Since s and t are integers, six divides 
k+ 1. 
PROPOSITION 1.10. Assume k > 2. Then, 3k + 3 6S B,(L). 
Proof Apply Lemma 1.3 to obtain q = 2 and s = (2k + 3)/2 which 
contradicts the fact that s is an integer. 
PROPOSITION 1.11. The set B#(L) contains no v with v < 12 and none of 
14, 15, 18, 19, 23. 
Proof: If v E B”(L), then Lemma 1.1 implies that v > 13. Now, assume 
the existence of a proper PBD(L, v), say Z, with v = 2 or 3(mod 4). Then, 
the number of pairs of points of C to be joined is odd, so some line G of C 
must join an odd number of pairs of points. Thus, G has at least seven 
points. Lemma 1.1 implies v > 22. If v = 23, then Lemma 1.1 would imply 
that G has exactly seven points. Thus, Proposition 1.9 implies v # 23. 
Part of the argument used to prove Proposition 1.11 also establishes 
LEMMA 1.12. Assume the existence of a PBD, say C, on v points. If 
v 5 2 or 3(mod 4), then the number of lines of E whose sizes are congruent 
to 2 and 3(mod 4) is odd. 
The following result is a natural companion to the results stated in 
Propositions 1.8-1.10: 
PROPOSITION 1.13. Assume that k > 2 and that 3k + 4 E B,(L). Then 
k & 2(mod 3). 
Proof: Assume by way of contradiction that j > 0, that k = 3j t 2, and 
that there is a PBD,(L, 3k + 4), say Z. Let K be a line of Z of size k, P be a 
point on K, S be the set of points of Z not on K. Let r denote the number of 
pairs of points of S that are joined by “P-lines,” i.e., lines different from K 
that are incident with P. A P-line of size d t 1 joins BC(d) := d(d - 1)/2 
pairs of points of S. We seek to minimize r subject to the condition that all 
P-lines have size 4 or more. Since 
BC(d + 1) f BC(d - 1) > 2BC(d), 
the minimum r is achieved when the difference in size between the largest 
and smallest P-lines is at most one. Since 
d.BC(d+ l)> (dt 1).X(d), 
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the minimum r is achieved when the number of P-lines is maximized. Since S 
has 2k + 4 = 6j + 8 points, one minimizes r by having 2j + 2 P-lines, of 
which 2j are of size 4 and two are of size 5. Then, for any P on K, r = rp 
satisfies 
r,, > 2j . BC(3) + 2 . BC(4) = 6j + 12. 
Since K has k points, the lines through points on K join at least 
k(6j + 12) = k(2k + 8) pairs of points of S. Then, 2k2 + 8k < BC(2k + 4) = 
2k2 + lk + 6, so 3j + 2 = k < 6; i.e., k = 5 and v = 19. By Proposition 1.11, 
no PBD,(L, 19) exists, and we thus have obtained the desired contradiction. 
2. CONSTRUCTIONS 
In this section, we complete the proof of the main theorem up to the point 
of verifying that 26, 27 are not in B’(L). We proceed by obtaining a suitable 
collection of constructions to complement the nonexistence results of 
Section 1. Were we interested only in B”(L) rather than B,(L) and B,(L), the 
following result of Hanani would put us well on our way to achieving our 
goal. 
PROPOSITION 2.1 (Hanani [9, p. 3211). Let T= {v: ZJ > 7). Then, B’(T) 
contains {49,50,56,57,58} U {u: v  > 63). 
The following three results due to Drake and Lenz are of interest for the 
general problem of determining B,(L) for all k. Since this paper deal only 
with the cases k = 4, 5, however, we have made our proofs independent of 
these results. 
THEOREM 2.2. (See [7, Theorem I, Section 51.) For all k > 304, the set 
B,(L) contains all v > 4k + 3. 
LEMMA 2.3. (See 17, Lemmas 2.9-2.121.) (i) B,(L) contain all u > 7k 
$ either k or k - 1 is a prime power with k > 9, in particular if either 
9<k< 14 or 16gk<20. 
(ii) B,5(L) contain all u > 127. 
(iii) B,(L) contain all v > 9k if k >‘7. 
(iv) B,(L) contain all v > 63 + 8k for all k > 0. 
LEMMA 2.4. (See [7, Lemma 2.91.) The set B,(L) contains all u 2 63 + k 
for k with 2 < k < 8. 
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In view of Lemma 2.4 we naturally focus our attention on small values of 
v in determining B,(L) and B,(L). 
LEMMA 2.5. The set B,(L) contains 22, but B,(L) does not. 
Proof. Assume the existence of a PBD,(L, 22), say Z. By Lemma 1.12, 
there is a line K of Z of size 7 or more (since 6 is not in L). By 
Proposition 1.7, the line K must be (exactly) of size 7, so .Z is a 
PBD,(L, 22). Now, let LL be any PBD,(L, 22) with K denoting a line of lZ of 
size 7. Then, every point P off K must be joined to every point on K; and so 
P must lie on exactly seven lines, each of size 4. Thus, no lines of l7 are of 
size 5, contradicting the existence of Z. On the other hand, Proposition 1.8 
yields the existence of a PBD,(L, 22), which (by the argument just 
presented) has many lines of size 4. 
Hanani [9] has proven the existence of PBD(4, v)‘s for all 
v = 1,4(mod 12). (For the case v = 25, one may also consult [8, p. 291, 
#22].) 
LEMMA 2.6 (Hanani). The set B,(4) contains all v with v = 1,4(mod 12). 
In particular B,(L) contains 13 and 25. 
Brouwer has found a clever construction utilizing difference methods that 
gives this conclusion: 
LEMMA 2.7 (Brouwer [3]). The sets B,(L) and B,(L) contain 38. 
Next we use projective planes to obtain PBD’s. 
Notation 2.8. Let PG(q) denote the projective plane coordinatized by 
the Galois field GF(q). 
LEMMA 2.9. The sets B,(L), B,(L), and B,,(L) all contain 34. 
The conclusions of Lemma 2.9 follow from a construction using a Baer 
subplane of PG(9) (see [ 17, proof of Lemma 5.2, p. 371.) 
LEMMA 2.10 (Hanani). The sets B,(L) and B,(L) contain 46. 
Proof: Let g,, g,, g,, g,, g, be five lines of PG(9) through a common 
point. Then, PG(9) induces a PBD,(L, 46) on the union of the gts. The 
conclusion that 46 is in B,(L) is harder to obtain, but it has been established 
by a construction due to Hanani [9, p. 2771. 
LEMMA 2.11. Let q be a prime power, and assume t is an integer with 
0 < t < q - 3. Then, there is a PBD Z on v = 4q + t points with the following 
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properties: C has one line of size 4 + t, four lines of size q and otherwise, 
only lines of sizes 4 and 5; E always has a line of size 4; unless t = 0, Z also 
has a line of size 5. 
ProojI Let g, , g,, g, , g, be four lines incident with a common point P of 
a projective plane PG(q). Let h be a line of PG(q) not incident with P. Let hi 
denote gi - {P). Let S be the union of the h,, T be a set of t points of h - S. 
Then PG(q) induces the desired PBD on S U T. 
LEMMA 2.12. The sets B.,(L) and B,(L) contain 31, 35, 42, 47, 50, 66. 
Proof Apply Lemma 2.11 to see that 31, 35, 42, 47, 50 are in both 
B,,(L) and B,(L). To see that 66 is in B,(L), let P be a point of PG(17). Let 
g, , g,, g,, g, be four lines incident with P, and let h be a line not incident 
with P. Set X equal to the union of the four gi)s minus the three points of 
h n gi for i < 3. Then PG(17) induces the desired PBD on 66 points. 
To see that 66 is in B,(L), let P be a point of PG(8). Let g,, g, ,..., g, be 
the lines through P. Let hi denote g, - {P} for i < 7; let h,, h, be sets of five 
points of g, - {P}, g, - (P}, respectively. If X is the union of the hi, the 
projective plane PG(8) induces a PBD(L, 66) on X. 
Our next tool in obtaining additional values of v is the transversal design. 
For background, one may consult [9, Sections 3.1, 3.21. 
DEFINITION 2.13. A transversal design, or T(d, n) is a PBD((d, n}, dn), 
say C, which has the following properties: Z has a set of d lines of size n 
which partition the point set and are called groups; all remaining lines have 
size k and are called blocks. A truncated transversal design is a PBD 
obtained from a given T(t’, n) by removing points from each of s groups. The 
“truncated” blocks must have sizes in the set {d-s,d-sfl, 
d - s + 2,..., d}. 
It is well-known that the existence of a transversal design T(d, n) is 
equivalent to the existence of a set of d - 2 mutually orthogonal Latin 
squares of order n. We let N(n) be the largest integer j for which a 
transversal design T(j + 2, n) exists. The combined work of many 
mathematicians has established Theorem 2.14. (See Wang and Wilson [ 151 
regarding assertion (i); assertion (ii) is a well-known result of Tarry (see, 
e.g., [61).) 
THEOREM 2.14. (i) If n # 2,6, then N(n) > 2; and ifn # 2, 3,6, 10, 14, 
then N(n) > 3. 
(ii) N(6) = 1. 
We restate the preceding theorem in the language of transversal designs. 
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THEOREM 2.15. Zf n # 2,6, then there is a transversal design T(4, n); if 
n # 2,3,6, 10, 14, then there is a transversal design T(5, n). There is no 
T(4,6). 
LEMMA 2.16. (i) Assume the existence of a T(5, k). Then the sets 
B,(L), B,(L), and B,(L) all contain 4k + i for i = 1,4,5 and for 7 < i < k. 
Also, B,(L) and B,(L) contain 4k; B,(L) and B,(L) contain 4k + k = 5k. 
(ii) Assume the existence of a T(5, s), and assume k < s. Then B,(L) 
contains 4s + k. 
Proof. Consider a design T(5, n), say I;, and remove all butj points from 
one of the groups. The resultant PBD has 4n +j points. The groups of Z 
give rise to four lines of size n and one line of size j, unless j = 0 or j = 1. 
The blocks of C give rise to lines of size 4, unless j = n, and to lines of size 
5, unless j = 0. To obtain a PBD in B(L), it suffices to have j, n in L. 
LEMMA 2.17. The set B,(L) contains 13, 16, 22, 28, and 34; the sets 
B,(L) and B,(L) both contain 17, 20, 21, 24, 25, 29, 31, 32, 33, and all 
v > 35. 
ProoJ To see that 16, 28 are in B,(L), apply Lemma 2.16 with k = 4, 7. 
To see that 22 and 34 are in B,,(L), use Lemmas 2.5 and 2.9. To see that 13 
and 25 are in B.,(L), use Lemma 2.6; to see that 25 is in B,(L), apply 
Lemma 2.16(i) with k = 5. 
Indeed, the application of Lemma 2.16(i) with k = 4, 5, 7, 8, 9, 11, 12, 13, 
15 yields the conclusion that B,(L) and B,(L) contain 17, 20, 21, 24, 29, 32, 
33, 36, 37, 39, 40, 41, 43, 44, 45, 48, 49 and all integers v with 51 < v < 65. 
The application of Lemma 2.16(i) with k > 15 yields the conclusion that 
4(L) and B,(L) contain all v > 67. To see that 38, 46 are in both B,(L) and 
B,(L), use Lemmas 2.7 and 2.10. By Lemma 2.12, the remaining values for u 
are in both B,(L) and B,(L). 
The existence assertions of Propositions 2.18 and 2.19 are given by 
Lemma 2.17. The nonexistence assertions follow from Propositions 1.7, 1.8, 
1.11, and Lemma 2.5. 
PROPOSITION 2.18. The set B,(L) contains no integer v with v < 12 and 
none of 14, 15, 18, 19, 23. Every other integer belongs to B,(L) with the 
possible exception of 26, 27, 30. 
PROPOSITION 2.19. The set B,(L) contains no integer v with v < 16 and 
none of 18, 19, 22, 23. Every other integer belongs to B,(L) with thepossible 
exception of 26, 27, 28, 30, 34. 
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To complete the proof of parts (ii) and (iii) of Theorem 0.9, it now suffices 
to prove that neither 26 nor 27 is in B”(L). The truth of Theorem 0.9(i) 
follows from Theorem 0.9(ii) and Proposition 1.11, the still to be proven 
facts that 26, 27 are not in F(L) and 
LEMMA 2.20. The integer 30 is either in both or in neither of the sets 
B,(L), B#(L). 
Proof. Let T denote the set L - {4}, and assume that 30 is in B#(L) but 
not in B,(L). Then, there is a proper PBD(T, 30), say ,?Y. Applying 
Lemma l.l(ii) with m = min T = 5, one sees that every line of Z has size 5 
or 7 and that there is, at most, one line of size 7. By Lemma 1.12, there must 
be a line K of size 7. A point P on K is joined to the 23 points off K by lines 
of size 5 and 7. We have reached the contradiction that a set of odd 
cardinality, namely 23, can be partitioned into subsets of even cardinalities 
(4 and 6). 
3. SMALL DESIGNS 
In Propositions 1.8-l. 13, we consider the question of determining when 
3k + h is an element of B,(L) for h = 1,2,3,4. The complete answer is given 
when h = 1 or h = 3. In addition, if 3k + 2 is in B,(L), then k = S(mod 6), 
and if 3k + 4 is in B,(L), then k f 2(mod 3). 
In this section, we construct for k = 11 a PBD,(L, 3k + 2). In a later 
paper, using this design as a starter and applying recursive techniques, we 
shall obtain infinitely many k’s such that k 3 11 (mod 12) and 3k + 2 is in 
B,(L). In the later paper, we shall also give a construction that proves that 
3k + 2 is in B,(L) whenever k 5 S(mod 12). 
Another contribution of this section is to demonstrate that 3k + 4 is in 
B,(L) for k = 4, 6, 7, 10. The case k = 7 is the only one which requires a 
moderately difficult construction. Again, consideration of larger values of k 
will be postponed to a later paper. 
The existence of designs PBD,(L, u) with u < 27 and k E L is completely 
determined by the results of this paper. In Section 4, we prove that there are 
no such designs with v = 26 or v = 27. In Propositions 2.18 and 2.19, the 
question is settled for u < 25 and k = 4, 5. Propositions 1.7-1.10 and the 
existence of a PBD,(L, 25) settle the question for u < 25 and k > 7; there are 
no such designs with k > 8, and the only designs with k = 7 are the ones 
with v = 22, 25. 
The results of this section are not needed for the work which follows it. 
PROPOSITION 3.1. The set B,(L) contains 3k + 2 for k = 5, 11. 
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Proof To see that 17 is in B,(L), simply omit four collinear points from 
the projective plane of order 4. To see that 35 is in B,,(L) requires more 
effort. 
The existence of a PBD, ,(I,, 35) is equivalent to the existence of a 
resolvable PBD on 24 points with 11 parallel classes of lines of sizes 3 and 
4. For suppose that r: is a PBD,,(L, 35) with a line K of size 11. By 
Lemma 1.1, every other line of z has size 4 or 5 and intersects K. Let S be 
the set of 24 points off K; let I7 be the incidence structure induced by JY on 
S. Then 17 is a resolvable PBD with 11 parallel classes whose lines are all of 
sizes 3 and 4. 
Conversely, let A’ be a resolvable PBD on 24 points that has 11 parallel 
classes of lines of sizes 3 and 4. Then ZZ may be extended to a PBD,,(L, 35) 
,Y by adjoining one new point for each parallel class and one new line that 
consists of the 11 new points. 
Thus, to see that 35 is in B,,(L), it suffices to construct IT. We shall 
construct I7 with one parallel class consisting of six lines of size 4. The other 
ten parallel classes will each consist of eight lines of size 3. The lines of size 
4, we name Fl, F2 ,..., F6; the points of Fi, we denote by (i, 0), (i, I), (i, 2), 
(k 3). 
Each of the remaining lines of I7 must consist of one point from each of 
three Fi’s. Now there are ten complementary pairs of three-element subsets of 
the set {Fl,..., F6). We intend to construct one parallel class corresponding 
to each such complementary pair. For example, one parallel class will 
consist of four lines that cover Fl U F4 U F6 together with four additional 
lines that cover F2 U F3 U F5. The four lines that cover Fl U F4 U F6 will 
be described simultaneously by an ordered 6-tuple, namely (0, x, x, 3, x, 2). 
The x’s indicate that no points are to be selected from F2, F3, F5. Thejth of 
the four lines consists of the points (I,j), (4,3 +j), and (6, 2 +j), where j 
ranges over the elements of Z, and addition is taken module 4. Now, we 
may fully describe I7 by specifying twenty 6-tuples, each containing three x’s 
and three elements of Z,. We take these 6-tuples to be the columns of the 
matrix displayed. 
-F10000000000xxxxxxxxxx 
F2O123xxx~xxOOOOOOxxxx 
F3Oxx~123~xx123~xxOOOx 
F4xOxxlxx2 3x2~~01~3 2x0 
F5xxOxx1x3x2xOx3x11xOO 
F6xxx0xx1x23xx0x23x030 
Consider the twenty subsets of {Fl, F2,..., F6) determined by the three x’s 
in each of the twenty columns of the matrix. To see that IZ is resolvable, it 
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suffices to observe that these twenty subsets are distinct. To see that n is a 
PBD, it suffices to check that there are four distinct differences modulo 4 
arising in connection with each pair of rows in the matrix. For example, 
rows 4 and 5 yield the differences 2 - 3 = 3, 0 - 3 = 1, 3 - 1 = 2, and 
o-0=0. 
PROPOSITION 3.2. The set B,(L) contains 3k + 4 for k = 4, 6, 7, 10. 
ProoJ The afflne plane of order 4 is a PBD,(L, 16). Next, consider the 
projective plane .Y of order 5. Let G, H, K be three nonconcurrent lines of Z. 
The removal of all points of G U H except for the two lying in K yields a 
PBD,(L, 22). The assertion that there is a PBD,,(L, 34) follows from 
Lemma 2.9. 
Next we construct a PBD,(L, 25). While we have not tried to determine 
the number of such designs, much of the structure of a PBD,(L, 25) is deter- 
mined. We begin our investigation by seeing what structure is forced. 
Assume that Z is a PBD,(L, 25). By Propositions 1.7 and 1.8, Z has no 
lines of sizes larger than 7. The number of pairs of points of C to be joined is 
even, so the number of lines of size 7 must be even. By Lemmas 1.1 and 1.2, 
all lines of size 7 have a common point of intersection, say 0. Thus, the 
number of lines of size 7 is either two or four. If the number were four, then 
C would induce a transversal design T(4,6) on C - (O}, contradicting 
Theorem 2.15. Then C has exactly two lines of size 7, say H and K; and H 
and K meet in a common point 0. 
Let us designate the points of H - (0) by P,, P2,..., P, and the points of 
K- 10) by Q,,Q,,..., Q,. Let S denote the set of all points of C not in 
H U K. For fixed i, each of the six lines Pi Q, contains at least two points of 
S. Since S has twelve points, each Pi lies only on the lines H and PiQ, for x 
with 1 <x < 6. Thus, PiQ, has four points for all i and x. 
Each point P of S is joined to 18 other points by the six lines which join it 
to the Pi)s. Then, there are 25 - 18 - 1 = 6 more points to which it must be 
joined by the line PO and by “independent” lines, i.e., ones that do not 
intersect H U K. Since the line PO is not of size 7, it must be of size 4; and 
P must lie on precisely one independent line of size 4. Then 0 lies on four 
lines of size 4, and there are three independent lines of size 4. These seven 
lines induce a grid on S. Hence, we are able to label the points of S by pairs 
mn with 0 < m < 3, 0 < n < 2, in such a way that the following statements 
are true: the lines thru 0 are H, K, and {O, m0, ml, m2) for m with 
0 < m < 3; the independent lines are {On, In, 2n, 3n} for n with 0 < n < 2. 
To construct a PBD,(L, 25), we utilize the structure thus far determined 
and complete the design by specifying the intersections with S of the lines 
PiQi. The intersection of PiQj with S is simply the pair of points appearing 
in Table I in the column under Pi and in the row opposite Qj. 
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TABLE1 
Intersections with S of the Lines PiQj 
PI p2 p3 p4 p5 p, 
00,21 01,22 02,20 lo,32 11,30 12,31 
01,32 02,30 00,31 11,22 12,20 10,21 
2 02, 11,20 10 00, 12,21 11 01,12 10,22 01,30 20, 1 02,31 21, 2 00,32 22 0
12,30 10,31 11,32 02,21 00,22 01,20 
22,31 20,32 21,30 00,12 01,lO 02,ll 
Clearly, all the lines of the design we have described have sizes 4 and 7, 
so it remains only to see that C is a PBD. Now Z has two lines of size 7 and 
36 + 4 + 3 = 43 lines of size 4, so 300 pairs of points of Z are joined. Since 
C has precisely 300 pairs to be joined, each pair will be joined exactly once 
as long as each pair is joined at most once. Then it suffices to verify that no 
two lines intersect in more than one point. Thus, it is enough to observe that 
the two points in each entry of Table I have different tirst and different 
second coordinates, that each column and each row of the matrix contains 
all twelve points of S, and that the 36 entries in the Table are distinct sets. 
COROLLARY 3.3. The sei B,(L) contains 4k - 3 whenever k is in L. 
Proof If k = 7, then the desired conclusion is asserted by 
Proposition 3.2. Thus, assume k is in L and different from 7, and set 
n = k - 1. Then, Theorem 2.15 guarantees the existence of a T(4, n), say C. 
To obtain a PBD,(L, 4k - 3), simply adjoin a point to Z and extend each of 
the four groups of Z to include the new point. 
4. No PROPER PBD(L, 26), PBD(L, 27) 
In this section, we prove there is no proper‘ PBD(L, u) for u = 26 or 
u = 27. The case v = 27 is easier and will be completed first. The existence 
of such small designs would have been useful as input for recursive 
constructions. 
LEMMA 4.1. Suppose that Z is a proper PBD(L, v) with v = 26 or 
v = 27. Then X has precisely one line K of size 7 and no lines of a larger 
size. 
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ProoJ: That Z has no lines of a size larger than 7 follows from 
Propositions 1.7, 1.9, and 1.10. Then, all of the lines are of sizes 4, 5, and 7. 
Since the number of pairs of points of Z: to be joined is odd, C must have an 
odd number of lines of size 7 (see Lemma 1.12). Either Lemma 4.1 is true; 
or Z has at least three lines of size 7, say K, M, N. By Lemma 1.2, K, M, 
and N all contain a common point 0. Since K UMUN has 19 points, the 
point 0 lies on precisely two more lines, D and E, where E is of size 5 and 
D is of size 4 or 5, depending on whether v = 26 or v = 27. 
Let S denote (KU MU N) - {O}. No point of S lies on more than seven 
lines, else the number of points of Z would be at least 7 x 3 + 3 = 28. Since 
any point on any one of K, M, N must be joined to each point on any other 
of the lines K, M, N, every point of S must lie on precisely seven lines, one of 
which is K, M, or N. The other six must all contain points from each of K, 
M, and N. Call a line of Z a short line if it does not contain 0. Clearly, 
every short line contains one, hence three, points of S and either one or two 
points of D U E. 
Assume that v = 26, and let P be any point of K - {O}. Then, the short 
lines through P must join P to the seven points of T = (D U E) - { 0). Thus, 
one short line through P must be a line of size 5, picking up two points of T, 
and the other five short lines through P must be lines of size 4, picking up 
one point of T apiece. It follows that precisely one pair of points of T is 
joined by the lines through P. Hence, precisely six pairs of points of T are 
joined by all the short lines of Z (let P range over the points of K). Since 
there are 4 x 3 = 12 pairs of points of T that need to be joined by short 
lines, we have reached a contradiction. 
If u = 27, the same argument shows that the short lines of C can only join 
6 x 2 = 12 pairs out of the 4 x 4 = 16 pairs of points of T that need to be 
joined. 
4.1 No Proper PBD(L, 27) 
PROPOSITION 4.2. There is no proper PBD(L, 27). 
ProoJ Assume, by way of contradiction, that Z is a proper PBD(L, 27). 
Let K be the unique line of size 7 whose existence is dictated by Lemma 4.1. 
Let S denote the set of 20 points of Z not on K. If P is a point on K, then 
either P lies on five lines of size 5 and is said to be of type 1; or P lies on 
two lines of size 5 and four lines of size 4 and is said to be of type 2. The 
lines through a point of type 1 join 5 x 6 = 30 pairs of points of S. The lines 
through a point of type 2 join 2 x 6 + 4 x 3 = 24 pairs of points of S. Let x 
be the number of points on K of type 1. Then, the lines of Z which intersect 
K join 7 X 24 + 6x = 168 + 6x pairs of points of S. Let y, z denote the 
number of lines of Z of sizes 4, 5, respectively, that are “independent” of K, 
i.e., that contain no points of K. Since there are 20 x 1912 = 190 pairs of 
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points in S, one concludes that 190 = 168 + 6x + 6y + 10~. Since x, y, z are 
all nonnegative integers, z = 1 and x + y = 2. Then, there is exactly one 
independent line of size 5 which we denote by F. 
A point Q on F lies on at least eight lines, F and the seven lines which join 
Q to points on K. Cardinality considerations dictate that Q lie on exactly 
eight lines, two of size 5 and six of size 4. Then, there are precisely five lines 
of size 5 which join points of K to points of F. Every one of the seven points 
on K, however, is either of type 1 or 2, hence, is joined to at least one point 
of F by a line of size 5, contradicting the assertion that there are only five 
such lines. 
4.2 Skeletal Structure 
By Lemma 4.1, any proper PBD(L, 26) has a unique line of size 7, and all 
remaining lines are of sizes 4 and 5. 
Standing Assumption 4.3. (This assumption holds from here to the end 
of Section 4.) Assume that ,Z is a proper PBD(L, 26) and that K is the 
unique line of Z of size 7. 
Cardinality considerations dictate that each point on K is of one of two 
types. 
DEFINITION 4.4. A point of K is of type 1 if it lies on one line of size 4 
and four lines of size 5; a point of K is of type 2 if it lies on five lines of size 
4 and one line of size 5. 
LEMMA 4.5. Every line of Z intersects K. Furthermore, K has four points 
of type 1 and three points of type 2. 
Proof. Let A denote the set of 19 points of Z not on K. Then, A has 17 1 
pairs of points to be joined. The lines through any type 1 point of K join 
1 x 3 + 4 x 6 = 27 pairs of points of A; the lines through a type 2 point join 
5 x 3 + 1 x 6 = 21 pairs of points. Call a line of C independent if it fails to 
intersect K. Let y, w  denote the number of independent lines of sizes 4, 5, 
respectively; let x denote the number of points of type 1. Then, 171 = 6y + 
low + 27x + 21(7 - x). Simplifying, we obtain the following equation: 
12 = 3x + 3y + 5w. (4.1) 
Since x, y, w  are all nonnegative integers, Eq. (4.1) implies that w  = 0; and 
the equation may be reduced to 
x+y=4. (4.2) 
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The proof of Lemma 4.5 will be complete if we can prove that 
y = 0. (4.3) 
If P is in A, then the seven lines that join P to points on K join P to at 
least 21 of the 25 remaining points of Z. It follows that no point of A lies on 
more than one independent line. Now, let Q denote the set of all points lying 
on independent lines; let D denote A - Q. Then D has 19 - 4y points. Let 
z, U, d, t, q denote the number of lines of size 5 that intersect D in 0, 1,2, 3,4 
points, respectively. Since D has 19 - 4y points, the total number of lines of 
size5inCis4x+(7-~)=7+3~=19-3~y.Then, 
19-3y=z+u+d+t+q. (4.4 ) 
Each point of D lies on precisely seven lines, hence, exactly four lines of 
size 5. To obtain the next equation, use the fact that D has 19 - 4q points 
and count flags (P, g) where P is in D and g is a line of size 5. 
76 - 16y = u + 2d + 3t + 4q. 
Now solve Eqs. (4.4) and (4.5) for t and q; 
(4.5) 
q=19-17y+3z+2u+d, (4.6) 
t = 4y - 42 - 3u - 2d. (4.7) 
Let V and F denote the number of pairs of points of D joined by lines of 
size 4, 5, respectively. Since D has 19 - 4y points, the total number of pairs 
of points of D joined is (19 - 4y)(9 - 2y) = V + F, where F = d + 3t + 6q. 
Thus, use Eqs. (4.6) and (4.7) to obtain 
8y*-44y+57=V+6z+3u+d. (4.8) 
If y = 4, then D has three points; so q = 0, and Eq. (4.6) implies that 9 = 
32 + 2u + d. Also Eq. (4.8) implies that 9 = V+ 62 + 3~ + d. Since I’, z, U, 
and d are all nonnegative, we conclude that V = z = u = 0 and d = 9. Then, 
Eq. (4.7) yields the contradiction c = -2. 
If y = 3, Eq. (4.8) yields the contradiction that the nonnegative quantity 
V + 62 + 3u + d equals -3. 
If y = 2, Eq. (4.9) implies that V< 1. Then, at most, one of the lines of 
size 4 which meets K fails to contain a point on each of the two independent 
lines of size 4. It follows that there are at most 1 + 4 x 4 = 17 lines of size 4 
that meet K. The number of such lines of size 4, however, is precisely 
x + 5(7 - x) = 35 - 4(4 - y) = 27. From the contradiction, we learn that 
Y< 1. 
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If y = 1, then z = u = d = 0, so Eq. (4.8) implies V= 21. The number of 
lines of size 4 that meet K, however, is 35 - 4(4 - y) = 23. Each of these 23 
lines must join at least one pair of points of D, so I’> 23. This contradiction 
establishes Eq. (4..3) at last and thus, completes the proof of Lemma 4.5. 
Notation 4.6. Henceforth we denote the points on K of type 1 by 
Q,, Q, , Q, , Q, and the points of type 2 by P,, P, , P,. The unique line of size 
4 through Q, is denoted by yi, the unique line of size 5 through Pi is denoted 
by xi. (See Fig. 1.) 
LEMMA 4.7. The lines xi and yj form a (3 x 4) grid of points ofl K as 
indicated in Fig. 1. 
Before proving Lemma 4.7 we introduce the following notation which 
relates to Fig. 1 and which will be used in the rest of this section. 
Notation 4.8. The point of intersection of Xi and yj is denoted by (i,j). 
The set of these twelve points is denoted by S; the set of seven points of Z 
not in KU S is denoted by I. 
Proof of Lemma 4.7. Let D denote ((J Xi) -K and E denote (U yj) -K. 
Let d, e be the number of points in D, E, respectively. Let R be any point of 
Z not on K. By Lemma 4.5, R lies on exactly seven lines; so it must lie on 
four lines of size 5 and three lines of size 4. The number of flags (R, g) such 
that R is a point of D and g is a line of size 5 must be 4d. Of these 4d flags, 
twelve are accounted for by the xI)s, Thus, on average, a point Q, is joined to 
(4d - 12)/4 = d - 3 points of D by its lines of size 5. It follows that a point 
Qj is joined to an average of three, hence, precisely three, points of D by its 
line yj of size 4. Since there are only three xI)s, no yj may contain an inter- 
section point of two or more x;s. Now, any point R of D lies on, at most, 
two lines of size 4 emanating from the PI)s. Hence, R is incident with at least 
one line of size 4 which contains a Qj, i.e., is incident with some yj. We now 
have two conclusions. Point R is in E, and hence, R must lie on a unique xi. 
Thus, D c E, and D has exactly 12 points. Since E has at most 12 points, it 
follows that D = E. 
FIGURE 1 
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4.3 Special Lines 
DEFINITION 4.9. A line other than yj which contains a point Qj is called 
special if it intersects S in (the maximum possible) three points. (A special 
line contains exactly one point of I.) 
The next lemma will be used repeatedly. 
LEMMA 4.10. Every point (i, j) of S lies on at least one special line. Zf 
(i, j) is joined to some Qk by a line which contains no further points of S, 
then (i,j) lies on two special lines. 
Proof. The point (i, j) needs to be joined to the other eleven points of S 
by lines which pick up one of P,, P,, P,, Q,, Q,, Q2, Q,. For k # i the line 
joining (i,j) to P, contains at most one other point of S; thus, the lines 
through P,, P,, P, join (i, j) to at most five points of S. Then, the lines 
through Q,, Q,, Q2, Q, must join y to at least six points of S. The line 
through Qk joins (i, j) to at most two points of S. To join (i, j) to at least six 
points, there must be at least two lines which join (i, j) to two points of S 
and, in the more restricted case, there must be three such lines. 
Recall that a point Qj lies on K and yj and, in addition, on precisely four 
other lines, each of size 5. 
DEFINITION 4.11. A point Q, is of type Q - 1 if it lies on one special line 
and on three lines which contain two points of S and two points of I. A 
point Qj is of type Q - 2 if it lies on two special lines, on one line with two 
points of S and two points of Z and on one line with one point of S and three 
points of I. A point Qj is of type Q - 3 if it lies on three special lines and on 
one line with no points of S and four points of I. Observe that a point Qj is 
of type Q - i if it lies on precisely i special lines. 
LEMMA 4.12. EachofQ,,Q,,Q,,Q,isoftypeQ-l,Q-2,orQ-3. 
Proof. Each Qj must be joined to every point of S U Z by yj and the four 
lines of size 5. A counting argument shows that these are the only possible 
ways to join Qj to every point of S VI, since each line has at most three 
points of S. 
LEMMA 4.13. One of the following three cases must hold. 
Case 1. Points Q,, Q,, Q2, Q3 all are of type Q - 1, and each line 
through P,, P, , P, contains an even number of points of S. 
Case 2. No Q,, Q,, Q,, Q3 is of type Q - 3; at least one is of type 
Q- 1. 
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Case 3. One of Q,, Q,, Q,, Q3 is of type Q - 3, and the other three are 
of type Q- 1. 
Proof. The point P, must be joined to every point of S VI. The line Xi 
joins Pi to four points of S, leaving eight more points of S. Any other line 
through Pi contains at most two points of S. There are five lines through Pi 
which meet S VI in three points. Either (i) four of them meet S in two 
points; or (ii) three of the live meet S in two points, and the remaining two 
meet S in one point a piece. If (i) holds, then four of the live lines join no 
pairs of points from I while the fifth joins three pairs; if (ii) holds, then the 
lines through Pi join precisely two pairs of points of I. Then, the lines 
incident with P,, P, , P, join between six and nine pairs of points of I. 
The lines through Qj join three pairs of points of I if Qj is of type Q - 1, 
four pairs if of type Q - 2 and six pairs if of type Q - 3. Then, the lines 
through the points Q,, Q,, Q2, Q, join a minimum of twelve pairs of points 
of I. 
Since Z has seven points, there are exactly 21 pairs of points of I to be 
joined. If there is a point of type Q - 3, then the minimum number of joined 
pairs of points of Z is 6 + 3 x 3 + 6 = 2 1. This minimum, which is the 
maximum allowed, is achieved when the remaining three points among Q,, 
Q,, Q2, Q3 all are of type Q - 1. Thus, if there is a point of type Q - 3, 
Case 3 holds. If all the points Q,, Q,, Q2, Q, were of type Q - 2, the 
minimum number of joined pairs of points of I would be 4 x 4 t 6 = 
24 > 21. Thus, if there is at least one point of type Q - 2 but no point of 
type Q - 3, Case 2 holds. If all of Q,, Q, , Q,, Q, are of type Q - 1, then the 
lines through them join 4 x 3 = 12 pairs of points from I. For the remaining 
nine pairs of points of I to be joined, each Pi must be on one line with three 
points of I and no points of S and on four lines with one point of Z and two 
points of S. Since these lines and K, y,, y,, y,, all contain an even number of 
points of S, Case 1 holds. 
4.4 Automorphisms 
In every Case in Lemma 4.13 there is a point of type Q - 1. By permuting 
the names of the points Q,, Q,, Q,, Q3 if necessary, we may assume that Q3 
is of type Q - 1. By permuting the names of the lines yj and their incident 
points, we may assume that the special line through Q, contains the points 
(0, (9, (1, 11, (2,2). 
LEMMA 4.14. Without loss of generality, we may assume that Q, is a 
point of type Q - 1 with a special line H which intersects S in (0, 0), (1, l), 
(232). 
In order to minimize the proliferation of cases, we consider isomorphisms 
of ‘Y5. 
582a/34/3-3 
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Notation 4.15. Let o be any permutation on the symbol set (0, 1, 2, 3 \ 
which fixes 3. Define a permutation I,V = w(a) on the point set of Z as 
follows: I,Y fixes every point of I; w(Qj) = Q,,,,, w(P,) = P,(i,, and w(i,j) = 
(o(i), a(j)). Applying IJI to the lines of Z gives rise to a second incidence 
structure II on the point set of Z and induces an isomorphism A(a) from C 
to n. 
LEMMA 4.16. Let JY’ be the incidence structure whose points are the 
points of K U S and whose lines are K, H, x0, x,, x2, y,, y,, y,, y,. Then, 
the restriction of A(a) to ,?Y’ is an automorphism for every u. 
Proof The restriction of A(o) fixes the lines K, H, y,, permutes the lines 
x0, x1, x2 among themselves, and the lines y,, y,, y, among themselves. 
Since Q3 is of type Q - 1, it lies on three lines, each containing two points 
of I and two points of S. The six points of S which are not joined to Q, by 
either y, or H may be partitioned in precisely four ways into three sets of 
pairs which are not already joined by the lines xi, yj. Let u be the 
permutation (012). Then, A(a) permutes these four sets of three pairs in two 
orbits, one of size 3, the other of size one. Thus, we only need to consider the 
two cases listed in 
LEMMA 4.17. Without loss of generality, we may assume that there are 
three lines G,, G, , G, through Q3 whose intersections with S are given by 
Case a or b. 
Case a. G,nS= ((0, l),(l,O)}, G,nS= ((1,2),(2, l)}, G,nS= 
{(0,2), GO)}. 
Case b. G,nS={(O,1),(1,2)}, G,nS={(l,0),(2,1)}, G,nS= 
l(O, 21, c&O)}. 
LEMMA 4.18. Extend the ,?Y’ of Lemma 4.16 to the structures z, and &, 
by adjoining the lines Gi n (S U K). Use the definitions of Cases a, b, respec- 
tively, of Lemma 4.17 to obtain X,, .?Y=, . The restriction of A(o) to .?Y, is an 
automorphism if a = (02); the restriction of A(u) to X, is an automorphism 
for every permutation u of (0, 1, 2, 3} which fixes 3. In particular, the 
automorphism group of Ea is transitive on the point set {Q,, Q,, Q2}. 
4.5 Details for Case a 
LEMMA 4.19. The intersections of the lines G,, G,, G, with S cannot be 
the sets listed in Case a of Lemma 4.17. 
The proof of Lemma 4.19 proceeds by establishing a series of claims. 
Each of Q,, Q,, Q2 is of type Q- 1, Q- 2 or Q- 3, so by 
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Definition 4.11 each lies on at least one special line. Table II lists, for each 
Qj, the triples of points of S which are not joined to Q, by yj and do not 
include pairs already joined by x,,, x,, x2, y,,, y,, y,, y,, H, G,, G,, G,. 
CLAIM 4.20. If the intersections of the lines G,, G,, G, with S are the 
sets listed in Case a of Lemma 4.17, then there is no point of type Q - 3. 
Proof: An inspection of Table II leads to the conclusion that no Qj 
possesses a set of three mutually disjoint triples. Then, no Qj is of type 
Q-3. 
CLAIM 4.21. If the intersections of the lines G,, G,, G, with S are the 
sets listed in Case a of Lemma 4.17, then Case 2 of Lemma 4.13 does not 
hold. 
Proof. Assume that Cases a and 2 both hold. Lemma 4.14 implies that at 
least one of Q,, Q,, Q, is of type Q - 2. Since the automorphism group of 
Z, is transitive on this set of Qj’s (see Lemma 4.18), we assume without loss 
of generality that Q, is of type Q - 2. 
From Table II, it follows that the two special lines through Q, intersect S 
either in T,(O), T,(l) or in T,(2), T,(3). A ssume first, that the special lines 
intersect in T,(O) and T,(l). Then, Q, needs to be joined to (0,2), (2,O) and 
(1,3). Since Q, is of type Q - 2, some line through Q, must intersect S in a 
single point, one of the three just named. This point cannot be (1,3), or else 
the points (0,2) and (2,O) would be joined by two lines, namely, G, and a 
line through Q,. Lemma 4.10 implies that one of (0,2), (2,O) is joined to 
each of Q,, Q2 by a special line. Neither (0,2) nor (2,0), however, appears 
in triples of Table II opposite both of Q,, Q2. Thus, Q, does not have lines 
which intersect S in T,(O), T,(l). 
Assume next, that the special lines through Q, intersect S in T,(2), T,(3). 
Then Q, needs to be joined to (0, 0), (2,2), (1, 3). Since H already joins 
(0,O) to (2,2), some line through the point Q, must join one of (0, 0), (2,2) 
to (1,3). By Lemma 4.18, the permutation (02) induces an automorphism of 
C, which interchanges the points (0,O) and (2,2). Then, we may assume 
TABLE II 
Triples Compatible with Case a of Lemma 4.17 
Qi T,(O) Tj(l) Tj(2) Tj(3) 
Qo ((1, l), (0,2), (2>3)) ((2,2), (0, 11, (1,3)} ((0, 11, (1,2), (273)) ((2, I), (0,2), (1,3)) 
Q, ((o,o), (19 2)9 (2,3)t ((29 2), (LO), (0,3)) ((LO), (0,2), (2,3)) {(2,0), (1,2), (0,3)) 
Qz ((09 O), (2, 1X (193X ((1, 1X (2,0), (093)) ((2, O), (0,1X (1,3)t {(LO), (2, l), (0,3)) 
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without loss of generality, that one line through Q, joins (0,O) and (1,3). It 
follows from Lemma 4.10 that the point (2,2) is in two special lines. One of 
these is H. An inspection of Table II reveals that the other is a special line 
through Q, which intersects S in T,(l). Now, Q, cannot lie on another 
special line, since T,(l) is not disjoint from either T,,(2) or T,,(3) and since 
T,,(O) and T,(2) contain two common points. Because the point (2, 1) is not 
in T,(l), T,(2), T,(3), it must lie on a special line through Q2. Since T,(O) 
and a line through Q, both join (0, 0), (1,3), the special line which joins Q2 
to (2, 1) must intersect S in T,(3). Observe that T,(2) joins (0, 1) and (1,3), 
points which are also joined by T,,(l), and that T,(2) is the only triple for Q, 
from Table II which is disjoint from T,(3); thus the point Q2 lies on only one 
special line. Then Q2 is of type Q - 1, and each of the remaining lines 
through Q2 contains exactly two points of S. The six points of S available to 
put on these three lines are (0, 0), (1, l), (0, l), (1,3), (2,0), and (2, 3). 
Since each pair from (0, 0), (1, l), (0, 1) is joined by one of H, x0, y,, the 
lines through Q, join each of the points (0, 0), (1, l), (0, 1) to one of the 
points (1, 3), (2,0), (2, 3). The point (1, 3), however, is joined to (0,O) by a 
line through Q,, to (1, 1) by x1, and to (0, 1) by the line through Q, which 
intersects S in r,( 1). This contradiction shows that one cannot assume that 
Q, has two lines which intersect S in T,(2), T,(3). The proof of Claim 4.21 
is now complete. 
CLAIM 4.22. If the intersections of G,, G,, G, with S are the sets listed 
in Case a of Lemma4.17, then not all of Q,, Q,, Q2, Q3 are of type Q - 1. 
Proof: Assume that each of Q,, Q,, Q2, Q, is of type Q - 1. Then there 
are exactly four special lines in C; and these four must have disjoint inter- 
sections with S, since each of the twelve points of S must lie on a special 
line. We have assumed that H is the special line through Q3, so the other 
three must avoid (0, 0), (1, 1) and (2,2). Each Qj with j < 2 has a special 
line which intersects S in either Ti(2) or T’(3). However, T,,(2) intersects 
both T,(2) and T,(3), and T,,(3) intersects both T,(2) and T,(3). The inter- 
sections of the special lines with S are not disjoint, a contradiction which 
establishes the claim. 
The truth of Lemma 4.19 now follows from Lemma 4.13 and Claims 
4.20-4.22. 
4.6 Details for Case b 
LEMMA 4.23. The intersections of the lines G,, G,, G, with S cannot be 
the sets listed in Case b of Lemma 4.17, 
The proof of Lemma 4.23 proceeds by verifying a series of claims. 
Table III lists, for each Q,, the triples of points of S which are not joined to 
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TABLE III 
Triples Compatible with Case b of Lemma 4.17 
Qt T,(O) T,(l) ?,(2) q(3) 
e, 1(2,2), (0,1x (1,311 w9 lx (o,v (2,311 {(I, 21, (2, lx (0,311 w, 9, (2, lx (1,3)1 
a ito, 01, (~21, (2,311 1(2,2), w), (0,311 iu, 01, (0,2), (2,311 1(1,2), (2,0), (0,3)1 
Q, ~(O,O),G lX(i,3)j i(L1X(2,0),(0,311 i(LQ(O, 1X(2,3)} K2,0),(00, 1X(1,3)1 
Q, by JJ, and that do not include pairs already joined by x0, x,, x2, y,, y,, 
y,, y3, H, Go, G,, G,. 
CLAIM 4.24. If the intersections of the lines Go, G,, G2 with S are the 
sets listed in Case b of Lemma 4.17, then none of Q,, Q, , Q2, Q3 is of type 
Q- 3. 
ProoJ By Lemma 4.14, Q, is not of type Q - 3. Assume, by way of 
contradiction, that one of Q,, Q,, Q2 is of type Q - 3. Use Table III to 
conclude that Q, cannot lie on three special lines. Then, one of Q,, Q, is of 
type Q - 3. Lemma 4.18 asserts the existence of an automorphism of C, 
which interchanges Q, and Q2. There is no loss of generality in assuming 
that Q, lies on three special lines. Use Table III to conclude that the inter- 
sections of these special lines with S are T,(O), T,(l), T,(2). 
Neither (1,0) nor (2,0) is in any of the sets H, T,(O), T,(l), T,(2). By 
Lemma 4.10, however, each is in some special line; since both are on y,, 
they must lie in different special lines. A special line through Q, and (2,0) 
would have to intersect S in T,(3). However, T,(3) joins (1,2) to (0,3) as 
does T,(2). Then the special line through (2,0) must contain Q2. By 
Lemma 4.13 the point Q2 is of type Q - 1, so the special line through (1,O) 
must contain Qi. Since T,,(l) and T,(2) both join (0,2) to (2,3), the special 
line through Q, and (LO) must intersect S in T,(l). Since T,(O) and T,(3) 
both join (0, 1) to (1,3), the line through Q2 and (2,0) must intersect S in 
7’2U). 
Since Q, and Q2 both have type Q - 1, each is joined to the rest of the 
points of S two at a time. Now Q, needs to be joined to (0, 0), (2,0), (0,2), 
(L2), (1,319 (&3). S' mce each pair of the points (0, 0), (2,0), (0,2) is joined 
by one of x0, yo, G,, each of these points must be joined to one of (1,2), 
(1,3), (2,3). Now (0,2) is joined to (1,2) by y2 and to (2,3) by T,(l), so 
the line through Q, and (0,2) must contain (1,3). Since (2,0) is joined to 
(2,3) by x2, the line through Q, and (2,0) must contain (1,2); hence the 
line through Q, and (0,O) must contain (2,3). 
Proceed analogously to see that Q, still needs to be joined to (0, 0), (1, 0), 
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(0, I), (2, 1 ), (1, 3), (2,3). Since the lines x0, y, and the line through Q, join 
(0,O) to (0, l), (1, 0), and (2,3), the line through Q, and (0,O) must contain 
one of (2, l), (1,3). Now (2, 1) ’ j ’ 1s orned to (0, 11, (1, O), (2,3) by Y,, G,, 
x2; so the line through Q, and (2, 1) must contain (0,O) or (1,3). We have 
reached the contradiction that the lines through Q2 join two of the three pairs 
{(O, 0), (1: 3)}, {(O, 0), (2, l)}, ((1, 3), (2, l)} and thus have completed the 
proof of Claim 4.24. 
CLAIM 4.25. If the intersections of the lines G,, G,, G, with S are the 
sets listed in Case b of Lemma 4.17, then Q, cannot have type Q - 2. 
ProoJ Assume Q, has type Q - 2. Then the two special lines through Q, 
must intersect S either in the sets T,(O) and T,(l) or in T,(2) and T,(3). 
Assume first that the intersections are T,(O) and T,(l). Then Q, needs to 
be joined to (2,0), (0,2), and (1,3) by one line with two points of S and one 
line with one point of S. Since (0,2) and (2,O) are joined by G,, one line 
through Q, must join (1,3) to (0,2) or (2,O). Thus, by Lemma 4.10, one of 
(f&2) and GO) must lie on two special lines. Neither is on H, so one must 
be in special lines through each of Q, and Q2. Each, however, is joined to 
one of Q,, Q2 by y,,, y2. Thus, we have reached the contradiction that one of 
(0,2), (2,O) is doubly joined to Q2 or Qo. 
Assume next that the two special lines through Q, intersect S in T,(2) = 
{(l, 0), (0,2), (2,3)} and T,(3) = ((1,2), (2,0), (0,3)}. Then Q, still needs 
to be joined to (0, 0), (2,2), (1,3). Since (0, 0), (2,2) are already joined by 
H, the point (1,3) is joined to one of (0, 0), (2,2) by a line through Q,. If u 
denotes (02), then Lemma 4.18 assures that A (a) preserves the structure C, . 
Since A(a) fixes (1,3) and interchanges (0,O) with (2,2), T,(2) with T,(3), 
there is no loss of generality in assuming the existence of a line through Q, 
which contains (1,3) and (0,O). 
By Lemma 4.10, the point (2,2) must lie on two special lines. Hence, by 
Table III there must be a special line through Q, whose intersection with S is 
T,,(O). Then Q, lies on no line that intersects S in T,(3). Also, no line 
through Q, can intersect S in T,,(l), since T,(l) and T,(2) both join (0,2) to 
(2, 3). Finally, no line through Q,, intersects S in T,,(2), since T,(2) and 
T,(3) both join (1,2) to (0,3). The point Q, lies on no other special lines. 
By Lemma 4.10, however, the point (2, 1) must lie on at least one special 
line. By Table III, this special line must be a line through Q, which intersects 
S in T2(0), but T,(O) joins (0,O) and (1,3), points which are already joined 
by a line through Q, . Thus, there cannot be two lines through Q, which 
intersect S in T,(2) and T,(3), and the truth of Claim 4.25 is established. 
CLAIM 4.26. If the intersections of the lines G,, G,, G, with S are the 
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sets listed in Case b of Lemma 4.17, then neither Q, nor Q2 can be of type 
Q - 2. 
Proof. If u = (02), then A(o) preserves Z, and interchanges Q, and Q2. 
Thus, to prove Claim 4.26, it is enough to show that Q2 cannot be of type 
Q - 2. Assume by way of contradiction, that Q, has two special lines. Use 
Table III to see that the intersections of these two special lines with S must 
be two of the three sets T,(O), T,(l), T,(2). There are three cases. 
Assume first, that Q2 has lines which intersect S in T,(O) and T,(l). Then 
Q2 needs to be joined to (1, 0), (0, l), (2, 3) by two lines which contain no 
other points of S. By Lemma 4.10, each of these three points must lie on a 
special line through one of Q,, Q, , and one must lie on a special line 
through each of Q,, Q, . From Table III it follows that (0, 1) can lie on only 
one special line, a line which must intersect S in T,,(O); further, the point 
(1,O) can lie on only one special line, a line which must contain Q, . Then 
(2,3) must lie in two special lines, and these lines must intersect S in T,(l) 
and T,(2). Since T,,(l) and T,(2) both join (0, 2) to (2,3), we conclude that 
Q, cannot have lines which intersect S in T,(O), T,(l). 
Assume second, that Q, has lines which intersect S in T,(O) and T,(2). 
Then Q2 needs to be joined to (2,0), (1, l), (0, 3) by two lines which contain 
no other points of S. One of these lines, call it D, has two of these points. By 
Lemma 4.10, each of these three points must lie on a special line, and the 
one not on D must lie on two special lines. From Table III it follows that 
(2,0) can lie only on one special line, a line which must intersect S in T,(3). 
Since this special line joins (0,3) to (2,0), these two points cannot be joined 
by D. Consequently, one of the two must lie on two special lines. From 
Table III it follows that the- special line through Q, which contains one of 
these two points must intersect S in T,(2). Since T,(2) and T,(3) both join 
(1,2) to (0,3), we have reached a contradiction; this contradiction proves 
that Q2 cannot be on lines intersecting S in the sets T,(O) and T,(2). 
Assume third, that Q2 lies on lines which intersect S in T,(l) and T,(2). 
Then Q, needs to be joined to (0, 0), (2, l), and (1, 3). One of these three 
points is joined to Q2 by a line which contains no other point of S. By 
Lemma 4.10, one of them lies on two special lines. None lies on a special 
line through Q2, ‘and only (0,O) can lie on a special line through either Q3 or 
Q, (see Table III). Each of (1, 3) and (2, 1) is in exactly one special line, and 
that line goes through Q,. Consequently, a line through Q, joins (1,3) and 
(2, 1); and (0,O) lies on two special lines. Since (1, 3) and (2, 1) are already 
joined, Q, must have lines which intersect S in T,(O) and T,,(2). Since (0,O) 
is on two special lines, the point Q, must have a line which intersects S in 
T,(O). Since, by Claim 4.24, no point is of type Q - 3 and since by 
Claim 4.25 the point Q, is not of type Q - 2, the only special lines are H 
and the ones that intersect S in T,(l), T,(2), T,(O), T,(O), and T,(2). Since 
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the point (0,2) is on none of these special lines, we have obtained a 
contradiction to Lemma 4.10. Thus Q, cannot have lines which intersect S in 
T,(l) and T,(2). All three cases have now been eliminated, and the truth of 
Claim 4.26 is proved. 
CLAIM 4.27. If the intersections of the lines G,, G,, G, with S are the 
sets listed in Case b of Lemma 4.17 and if every line through P,, P, , P, 
contains an even number of points of S, then not all of Q,, Q, , Q,, Q3 can 
be of type Q - 1. 
Proof. Assume, by way of contradiction, that every line through P,, P, , 
P, contains an even number of points of S and that each of Q,, Qi , Q,, Q, 
has exactly one special line. By Lemma 4.10, each point of S is in a special 
line, so these lines must be disjoint. Since Q, lies on H which contains (0, 0), 
(1, l), and (2,2), the special lines through Q,, Q,, Q, must avoid these 
points. Then, by Table III, each Qj, for j = 0, 1, 2, must have a line which 
intersects S in either Tj(2) or Tj(3). There are two possibilities. Either the 
special lines through Q,, Q,, Q2 intersect S in T,,(2), T,(2), T,(3), respec- 
tively, or they intersect S in T,,(3), T,(3), T,(2), respectively. Let D be the 
permutation (02). Then, A(o) preserves the structure C, and interchanges 
T,(2) with 7’*(O), T,(2) with T,(3), T,(3) with T,,(3). Thus, without loss of 
generality, we may assume that the special lines through Q,, Q, , Q2 intersect 
S in T,(2), T,(2), T,(3). 
Now, Q2 needs to be joined to (0, 0), (1, 0), (1, l), (2, l), (0, 3), (2, 3) by 
lines that join these points in pairs. Since (1,O) is joined to (0,O) by yO, to 
(1, 1) by xi, to (2, 1) by G,, to (2,3) by T,(2), the line through it and Q, 
can only join (1,0) to (0,3). Since (1, 1) is joined to (0,O) by H, to (2, 1) by 
y, , the line through it and Q2 can only join (1, 1) to (2,3). Consider the lines 
through Q2 of size 5; they have the following intersections with S: 
T,(3); ((1, O), @3)1; ((11 11, (2,3)1; {CO, o>, (2, l)b (4.9) 
Next, Q. needs to be joined to (0, I), (1, l), (0, 2), (2, 2), (1, 3), (2, 3). 
Since (2,3) is joined to (1, 1) by a line through Q2, to (0,2) by T,(2), to 
(29 2) by xz, to (1,3) by y3, the line through it and Q, must join (2,3) to 
(0,l). Since (2,2) is joined to (1, 1) by H and to (0,2) by y2, the line 
through it and Q, must join (2,2) to (1,3). Consider the lines through Q, of 
size 5; they have the following intersections with S: 
T,(2); ((0, 11, (2,3)}; {@2), (1, 1)); ((19 3), (2,2)1* (4.10) 
For the first time we must consider the points of I (see Notation 4.8). 
Since each of the lines through P,, P, , P, contains an even number of points 
of S, each point of I is joined to an even number of points of S by the lines 
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through P,, P, , P, . Since S has an even number of points and each point of 
Z must be joined to all of them, each point of Z lies on evenly many special 
lines. Since there are four such lines, each point of Z is on zero, two or four 
of them. 
Let U be the point of Z on the special line whose intersection with S is 
T,(2). Then U is joined to (1,2), (2, l), and (0,3). Since U must be joined to 
Q,, the List (4.9) implies that U must be on a line that intersects S in T,(3) 
or in ((1, l), (2,3)}. If U is on the line through Q, which contains (1, 1) and 
(2,3), then U cannot be on either H or the special line through Q,, since H 
contains (1, 1) and T,(2) contains (2,3). Since U must lie on evenly many 
special lines, it must lie on the special line through Qz. 
Let V and W be the two points of Z on the line through Q, which contains 
(1, 1) and (2,3). Neither V nor W can be on the lines through Q, which 
intersect S in {(O, 1), (2, 3)}, { (0,2), (1, 1)) (see List (4.10)). Furthermore, 
neither is on the special line through Q,, since U is the only point of Z on 
that line. Both must be on the line through Q, which intersects S in 
{ (1,3), (2,2)}. The contradiction that V and W are doubly joined completes 
the proof of Claim 4.27. 
Proof of Lemma 4.23. Assume that the intersections of the lines G,, G, , 
G, with S are the sets listed in Case b of Lemma 4.17. Then Claim 4.24 
asserts that Case 3 of Lemma 4.13 cannot occur. By Lemma 4.14 and 
Claims 4.25 and 4.26, no point Qj is of type Q - 2, so Case 2 of 
Lemma 4.13 cannot occur. Then Case 1 of Lemma 4.13 must hold, a 
contradiction to Claim 4.27 which completes the proof of Lemma 4.23. 
4.7 Conclusions 
PROPOSITION 4.28. There is no proper PBD(L, 26). 
Proof. Apply Lemmas 4.17, 4.19, and 4.23. 
Proof of the Main Theorem (Theorem 0.9). Recall the remarks made 
following Proposition 2.19 and apply Propositions 4.2 and 4.28. 
Remark 4.29. The existence of a proper PBD(L, 26) would have helped 
to settle an outstanding problem of Phelps. 
In [ 131, Phelps considered a self-orthogonal Latin squares, where a is any 
nonidentity permutation of the set { 1,2,3 }. He proved [ 13, Theorem 4.21 
that there exists a (23) self-orthogonal Latin square of order n for all 
n # 2, 6 with the possible exceptions n = 14,26. Suppose that, contrary to 
Proposition 4.28, there were a proper PBD(L, 26), say C. By the easily 
proven Lemma 4.1, we would know that all lines of ,?Y were of sizes 4,5,7. 
By the remarks following [ 13, Lemma 2.31 there do exist idempotent (23) 
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self-orthogonal Latin squares of orders 4,5,7; hence by [ 13, Lemma 2.6 ] 
there would exist a (23) self-orthogonal Latin square of order 26, and the 
number of undecided cases in the Phelps theorem would be reduced from two 
to one. 
5. WILSON BASES 
We begin the final section by reinterpreting the main theorem 
(Theorem 0.9) in the language of Wilson bases [ 17, Sections 4, 51. We then 
apply the resulting theorem to obtain the Wilson bases of sets of integers 
related to L. 
DEFINITION 5.1. A set T of integers greater than one is said to be closed 
if B(T) = TV { 1). For a closed set T, write W(T) to denote the set 
T -B#(T). Call W(T) the Wilson basis of T, call the elements of W(T) the 
essential elements of T. 
The next lemma follows immediately from the definition. 
LEMMA 5.2. Let X and Y be sets of integers greater than one with 
XEY. Then W(Y)sW(X)u(Y-X). 
Apparently, there are few cases in which the Wilson basis of a closed set 
of integers has been determined. In [ 17, pp. 34,351 examples are given of 
“generating sets” most of whose elements are known to be essential. Hanani 
has determined the Wilson basis of the set 
Ti= {x> 1:x- 1 orimod(i*-i)} 
for i = 3,4, 5 (see, for example, [9]). In each case the Wilson basis W(Ti) is 
ii)* 
Theorem 5.3 is a reformulation of part of the main theorem. 
THEOREM 5.3. The Wilson basis W(L) is the set C U D, where D s (30) 
and 
C= {4,5, 7,8,9, 10, 11, 12, 14, 15, 18, 19,23,26,27}. 
We now consider three new closed sets of integers obtained by adjoining 
points to L. 
Notation 5.4. Denote by o-4 the set LU{6}={u:u>4); denote by 
~-3thesetLU{3,6}={u:u~3};anddenotebyPrthesetLU{3}. 
The set Pr is the collection of all integers for which there is a pair of 
orthogonal Latin squares of order u. 
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PROPOSITION 5.5 (Hanani [9, Lemmas 5.3 and 5.101.) The Wilson bases 
W(w - 3), W(w - 4) are contained in the following sets: 
(i) W(o - 3) s (3,4,5,6,8}, 
(ii) W(0 - 4) G {4, 5,..., 12) U (14, 15, 18, 19,23,27]. 
This final section of our paper is devoted to the proof of the following 
result: 
PROPOSITION 5.6. The Wilson bases of w - 3, o - 4, Pr are the sets 
listed, 
(i) W(cc,--3)={3,4,5,6,8}, 
(ii) W(w - 4) = (4, 5 ,..., 12) U { 14, 15, 18, 19,23}, 
(iii) W(Pr) = {3,4, 5,8 ]. 
It would be easy to prove that the listed sets of integers “generate” the sets 
o - 3, o - 4, Pr by starting from either Theorem 5.3 or Proposition 5.5. In 
order to make the paper as self-contained as possible, we utilize 
Theorem 5.3. The only difficult task which we encounter in the proof of 
Proposition 5.6 is that of showing that the integer 23 is an essential element 
of w  - 4. We proceed by proving a series of Lemmas. 
LEMMA 5.7. The Wilson basis W(Pr) is the set (3,4, 5,8). 
Proof. Since L c_ Pr, from Lemma 5.2 and Theorem 5.3 it follows that 
W(Pr) s C U { 3,30}. To obtain W(Pr), then, it suffices to determine which 
elements of C U { 3, 30) are essential. By Lemma 1.1 (ii) the integers 3,4, 5 
are essential. By the same lemma, every line of a proper PBD(Pr, 8) must 
have size 3. Then 8 is also essential, since one cannot join one point to seven 
others, two at a time. 
The existence of the projective plane PG(2) assures that 7 is not essential. 
The ommission of 1, 3, or 4 collinear points from PG(3) yields PBDs which 
prove that 12, 10, and 9 are inessential. To see that 11 is not essential, 
consider the resolvable complete graph on six points (the reader can easily 
construct a resolution of this graph) and adjoin a line of live points, one for 
each parallel class. Next, consider PG(4) and remove either (i) two points, 
(ii) three noncollinear points, (iii) a total of seven points taken as the union 
of two sets of four collinear points. The resulting PBDs demonstrate that 19, 
18, and 14 are inessential. The existence of transversal designs T(3, 5), 
T(3,9), T(3, 10) assure that 15, 27, and 30 are inessential. Finally, the 
removal of two points from one group of a T(4,7) and from the afline plane 
AG(5) induces PBD’s which show that neither 26 nor 23 is essential. 
LEMMA 5.8. The Wilson basis W(o - 3) is the set {3,4,5,6, S}. 
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Proof: Since Pr s w  - 3, it follows from Lemmas 5.2 and 5.7 that 
W(w - 3) s {3,4, 5, 6, 8}. (This containment is, of course, the Hanani result 
5.5(i).) As in the proof of the preceding lemma, use Lemma l(ii) to show 
that all live integers are essential. 
LEMMA 5.9. The Wilson basis W(o - 4) is a subset of {4, 5,..., 12) U 
{ 14, 15, 18, 19,23}, and every one of these elements is essential with the 
possible exception of 23. 
Proof: Since L s o - 4, it follows from Lemma 5.2 and Theorem 5.3 
that W(w - 4) YZ C U { 6, 30). It remains only to show that 26, 27, 30 are 
not essential and that the other integers in C U (6, 30) with the possible 
exception of 23 are essential. 
Clearly, 6 is essential. Now Theorem 5.3 assures that for v in C, either v is 
an essential element of o - 4 or else there is a PBD,(w - 4, v). The latter 
possibility is forbidden by Lemma 1.1 (ii) unless v > 19. Corollary 1.6 
assures that 19 is also essential. 
The omission of one or five collinear points from PG(5) assures that 26 
and 30 are not essential. The omission of four points, no three collinear, 
assures that 27 is not essential. 
The next definition is used in the proof that 23 is essential for W(cc, - 4). 
DEFINITION 5.10. Let Z be an incidence structure. A set R of five lines 
of Z is called a pinwheel if each pair of lines of R intersect in a common 
point, but no three are concurrent. The lines of R are called star lines. (For a 
picture of a pinwheel see Fig. 2.) 
LEMMA 5.11. If there is a proper PBD(o - 4,23), then it has a 
pinwheel, all of whose star lines are of size 6. 
FIGURE 2 
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ProoJ Assume the existence of a proper PBD(o - 4,23), say C. By 
Theorem 5.3, C has a line of size 6. By Lemma 1.1(i), every line of I= has at 
most size 6. Let K be a line of size 6, and let S be the set of 17 points not on 
K. Every point Q on K must be joined to the 17 points of S by lines of sizes 
4, 5, 6. We classify Q by the sizes of its incident lines other than K and see 
that Q must be of one of the following four types: 
type 1: two lines of size 5, three of size 4; 
type 2: one line of size 6, four of size 4; 
type 3: one line of size 6, three of size 5; 
(5.1) 
type 4: two lines of size 6, one of size 5, one of size 4. 
There are 136 pairs of points in S to be joined. Each type 1 point 
accounts for 21 of these, each type 2 point for 22, each type 3 point for 28 
and each type 4 point for 29. Let I, denote the number of points of type i; q, 
c, the number of lines of sizes 4, 5, respectively, which contain no points of 
K. Since 136 - 6 X 21 = 10, we have 
10 = t, + 7t, t 8t, + 6q t 10~. (5.2) 
Since the ti)s and q, c are all nonnegative integers, Eq. (5.2) implies that the 
number q + c of “independent” lines is at most one. 
Assume that c = 1, and let Z denote the independent line of size 5. The six 
lines joining a point of Z to points of K must all be of size 4, since there is no 
room for larger lines. Then every point Q on K must lie on at least live lines 
of size 4, namely, on the lines which join Q to the points of I. Since there are 
no point types listed in (5.1) with so many lines of size 4, we conclude that 
c = 0. 
Assume that q = 1, and let Z denote the independent line of size 4. Now, 
every one of the points on Z must be joined to five of the six points of K by 
lines of size 4 and to the sixth by a line of size 5. In particular no line of size 
6 meets I. The assumption that q = 1 together with Eq. (5.2) dictates that 
t, = 4. Thus, there are at least four lines of size 6 which meet K but do not 
meet I. Each of these four lines has five points of the set of 13 points off 
K WI. Two of the lines must intersect in more than one point. This 
contradiction yields the conclusion that q = 0. 
Since K was a typical line of size 6, we have proven that every line of size 
6 in JY intersects every remaining line of z. Now, use Eq. (5.2), the fact that 
t, + t, t t, t t, = 6, and the conclusions that c = q = 0 to see that every line 
of size 6 is of one of the following two types: a line of type A has three 
points of type 1, two points of type 2 and one of type 4; a line of type B has 
two points of type 1, three of type 2, one of type 3. Each of these types of 
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line intersects exactly four additional lines of size 6, so Z has exactly live 
lines of size 6. 
Assume the existence of a line K of type A. Then K contains a point Q of 
type 4. Since Q is incident with a total of live lines, every line not incident 
with Q has size, at most 5, contradicting the fact that Z has five lines of size 
6, only three of which are incident with Q. 
Thus, all five lines of size 6 are of type B. In particular it follows from 
(5.1), that no three lines have a common point of intersection. These five 
lines form the pinwheel required by Lemma 5.11 and illustrated in Fig. 2. 
LEMMA 5.12. Let C be a PBD with a pinwheel R. If every line of C 
contains at least four points, then Z has at least four points not on any star 
line of R. 
Proof: A point of C is called a core point, a tail point or an independent 
point, respectively, if it is on 2, 1, or 0 star lines. A line of Z is called a 
threading line if it contains two or more core points and is not a star line. 
Since a core point is incident with two star lines, a threading line intersects 
two star lines at each core point; so it contains precisely two core points and 
at most one tail point. Hence, every threading line has at least one 
independent point. Since every core point lies on three threading lines, the 
number of threading lines is 15. No independent point lies on more than five 
threading lines, or else it would be multiply-joined to some core point. Thus, 
there are at least three independent points. If there were only three 
independent points, the threading lines would induce three parallel classes of 
lines of size 2 on the ten core points. Except for the number of tail points, 
any pinwheel looks like the one in Fig. 2. Divide the core points into live 
inner and five outer core points by their positions in Fig. 2. 
The threading lines join five pairs of outer core points, five pairs of inner 
core points and five pairs consisting of one inner and one outer core point. 
A parallel class of these pairs can contain at most two pairs of outer core 
points and at most two pairs of inner core points. If a parallel class contains 
two pairs of outer core points, then it also contains two pairs of inner core 
points, and the parallel class is determined by the one inner-outer point pair 
in it. Since there are live pairs of each kind, two parallel classes must be 
determined by their sole inner-outer point pair. These pairs cannot have 
adjacent inner core points, else their two parallel classes would intersect in a 
common line consisting of a pair of inner core points. These inner-outer 
point pairs also cannot have nonadjacent inner core points, or else the two 
parallel classes would intersect in a pair of outer core points. This 
contradiction completes the proof of Lemma 5.12. 
We remark that Lemma 5.12 is at least close to being the best possible. 
The projective plane PG(4) on 21 points possesses a pinwheel with ten core 
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points and five tail points, hence, with six independent points. Since every 
line has size 5, one of the independent points of PG(4) may be discarded to 
leave a PBD which satisfies the hypotheses of Lemma 5.7 and yet has only 
five independent points. 
We are now ready to prove Proposition 5.6. 
Proof of Proposition 5.6. Parts (i) and (iii) are Lemmas 5.8 and 5.7. 
Lemma 5.9 determines the Wilson basis W(o - 4) with the possible 
exception of 23. Lemma 5.11 declares that either 23 is essential or there is a 
PBD(o - 4,23) all of whose lines have size at least 4 and which has a 
pinwheel R of star lines of size 6. The union of the lines of such a pinwheel 
has 20 points. Thus, Lemma 5.12 implies that such a PBD would have at 
least 24 points. Then 23 is essential for o - 4, and the proof of 
Proposition 5.6 is complete. 
REFERENCES 
1. 2s. BARANYAI, On the factorization of the complete uniform hypergraph, in “Infinite and 
Finite Sets, Proc. Erdiis Colloq., Keszthely, 1973,” Colloq. Math. Sot. Jinos Bolyai 10, 
North-Holland, Amsterdam (1975), 91-108. 
2. R. K. BRAYTON, D. COPPERSMITH, AND A. J. HOFFMAN, Self-orthogonal Latin squares, in 
“Colloq. Intern. sulle Theorie Comb.,” Rome, 1973, Atti dei Convegni Lincei, No. 17, 
Vol. II (1976), 509-517. 
3. A. BROIJW~R, private communication. 
4. P. J. CAMERON, “Parallelisms of Complete Designs,” London Math. Sot. Lecture Note 
Series 23, Cambridge Univ. Press, Cambridge, 1976. 
5. D. J. CRAMPIN AND A. J. W. HILTON, On the spectra of certain types of Latin squares, J. 
Combin. Theory Ser. A 19 (1975), 84-94. 
6. J. DBNES AND A. D. KEEDWELL, “Latin Squares and their Applications,” English Univ. 
Press, London, 1974. 
7. D. A. DRAKE AND H. LENZ, Orthogonal Latin squares with orthogonal subsquares, Arch. 
Marh. 34 (1980), 565-576. 
8. M. HALL, JR., “Combinatorial Theory,” Ginn (Blaisdell), Boston, 1967. 
9. H. HANANI, Balanced incomplete block designs and related designs, Discrete Math. I I 
(1975), 255-369. 
10. H. HANANI, D. K. RAY-CHAUDHURI, AND R. M. WILSON, On resolvable designs, Discrete 
Math. 3 (1972), 343-357. 
11. A. HEDAYAT, A generalization of sum composition: self orthogonal Latin square design 
with sub self orthogonal Latin square designs, J. Combin. Theory Ser. A 24 (1978), 
202-2 10. 
12. K. HEINRICH, Self-orthogonal subsquares, An Combin. 3 (1977), 251-266. 
13. K. T. PHELPS, Conjugate orthogonal quasigroups, J. Combin. Theory Ser. A 25 (1978). 
117-127. 
14. D. K. RAY-CHAUDHURI AND R. M. WILSON, Solution of Kirkman’s school girl problem, 
in “Proc. Symp. in Pure Math. 19,” pp. 187-203, American Mathematical Society, 
Providence, R.I. 1971. 
300 DRAKE AND LARSON 
15. S. M. P. WANG AND R. M. WILSON, A few more squares II, in “Proc. 9th S.E. Conf. 
Comb., Graph Theory and Computing,” p. 688, 1978. 
16. R. M. WILSON, An existence theory for pairwise balanced designs, parts I, II, and III, J. 
Combin. Theory Ser. A 13 (1972), 220-245, 246-273; 18 (1975), 11-19. 
17. R. M. WILSON, Constructions and uses of pairwise balanced designs, in “Proc. Advanced 
Study Institute on Comb. Nijenrode Castle, Breukelen, The Netherlands,” Part 1, 
pp. 18-41, Math. Centre Tracts 55 Math. Cent., Amsterdam. 1974. 
